ifference Equations Section 5.9
to
ifferential Equations Some Limit Calculations
N J

In this section we will discuss the use of Taylor polynomials in computing certain types of
limits. Although this material could have been treated directly after Section 5.2, we have
saved it until now so as not to break into the development of Taylor series. To illustrate the
ideas of this section, we begin with two examples, the first of which is already well-known
to us.

Example Consider the problem of evaluating

sin(z
lim ( )

z—0 €T
The reason this limit presents a problem is that, although the function in question is a
quotient of two continuous functions, both the numerator and the denominator approach
0 as x approaches 0. Now from our work on Taylor polynomials we know that

sin(xz) = x + o(x),

SO
sin(z) _ T+ o(x) 14 o(x)‘
x x x
But, by definition,
lim @ =0
z—0 X
Thus
li sin(z) — lim ~ + o(z) = lim (1 + _(x)) =1
r—0 x x—0 €T r—0 xT
Example The limit
1—
i 1= 007
x—0 €

presents the same type of problem. Using the Taylor polynomial of order 2 for cos(x), we
know that
2

cos(x) =1— 5 + o(x?).
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Hence
(1o (z2)
— — — +o(x
.1 —cos(x) , 2
lim = lim
x—0 :1:2 x—0 5132
2
5~ 0(3:2)
=l =
1 2
= lim (— — ofz ))
x—0 \ 2 2
1
=3

The point in both of these examples was to use the fact that if f is n + 1 times
continuously differentiable on an interval about the point ¢, then, as we saw in Section 5.2,

F(e)

n!

f@) = £ + f() @ — ) + %(x_cy -

+o((z —o)"). (5.9.1)

Hence if f and g are both n + 1 times continuously differentiable on an interval about ¢,
f(e) #£0, fB(c)=0for k=0,1,2,...,n—1,and g¢¥)(¢c) =0 for k=0,1,2,...,n — 1,

then .
fa)="1 n!(c) (& — )" +o((z — o)) (5.9.2)
and .
o@) = ey tof(a — o) (593
Hence
) 9(z) | - (x—c)"+o((z—c)")
:1:1—>Inc_x - r—ec f£(n) I
W ool = o)
(") (¢ o((x —c)™
) ’ n!( L+ (((CL‘—C)L)
e f00(0)ol(z—o)")
n! * (x —c)n
9™ (c)
__n!
RO
n!
_9"(e) (5.9.4)
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That is, under the specified conditions, the value of the limit is equal to the ratio of the
nth derivatives of g and f evaluated at c. In addition, if it were the case that, for some
k<mn,gW(c)=0fri=1,2,...,k—1and g%¥(c) # 0, then we would have

8) (¢
o) o ol - o)

f(z) f‘“)()

(z = )" +o((x = ¢)")
g(’“)(C) o((z — o))

_ k:!(x(—)c) —k (x — )"
f" ()  ol(x—c)"
n!( ) * ((:B — c))" )
1 9M(e) | o((z — o))
_ ezt ( RN ) ) . (5.9.5)
f"(e) | otz —o)"
n! * (x —c)"

Since the denominator of this last expression has a limit as x approaches ¢, but the numer-
9()
f(z)
That is, in this case f(z) would approach 0 as  — ¢ at a rate faster than g(z), implying
that the limit of the ratio would not exist.

In practice, we do not use the conclusions of the preceding paragraph, but rather apply
the procedure outlined. That is, to evaluate

ator does not, it follows that in this case would not have a limit as x approaches c.

. g(z)
lim =—,
z—c f(z)
where both
lim g(z) =0

r—cC

and

lim f(x) =

r—cC

we replace both f and g by their respective Taylor polynomial expansions about ¢, ex-
panded to the first nonzero term, and evaluate the limit as illustrated above.

Example To find

we note that

R 1
sin(e) = = gp 5 =y
implies
6 10 14
x x x
Sln(2)=x2—§—|—?_7—|— s
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S0
sin(z?) = 2% + o(z?).

Moreover, using the first degree Taylor polynomial for tan(z) we have
tan(z) = = + o(z).

Thus

o(x?)
. sin(z?) . 22+ o(2?) It 22 1+0
lim ——= = ————2 = lim = =1
z—0 xtan(zr) z—0z(x+o(x)) z—0 |+ o(x) 1+0
x
Example To evaluate
x — sin(z)

we first note that

3!
and
2
cos(x) =1— 5 + o(x?)
Then
: 23 3 3 5
x—sin(z)=z— |z — g—i-o(:x ) ) = g—o(x )
and ) X
z(1 —cos(z)) =z (1 - <1 - % + 0(x2)>) = % — zo(x?)
Thus
3 3
x 3 1 o(z?) 1
, x — sin(x) _ y—o(x) .6 23 6_0 1
lim —————— = lim —% = lim 5 = = —.
z—0 x(1 —cos(z)) =2—0x 5. z—01 o(x?) 1 g 3
— —xo(x?) S 5
2 2 2
Example To evaluate
I sin(z?)
i zh

we first note that, as above,

Hence
. 2 2 2 2 1 2
li sin(a”) = lim ~ + o(z’) = lim +0(m ) = lim — 1+0(x ) = 00,
z—0 x4 z—0 x4 r—0 \ 12 x4 z—0 2 2
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where the final equality follows after noting that

lim (1 n 0(332)) =1,

z—0 xQ

while
1

lim — = oo.
x—0 .1’2

The essence of (5.9.4) is also captured in the following statement, known as I’Hépital’s
rule.

I’Hopital’s rule If f and g are twice continuously differentiable on an interval about
the point ¢ and both g(c¢) = 0 and f(c) = 0, then

tim 99 _ iy @) (5.9.6)

This is equivalent to our previous result, assuming the conditions specified at that
time, because repeated applications of I’Hopital’s rule yield

—...=lim - (5.9.7)

which is (5.9.4). As before, if or some k < n, ¢®)(c) = 0 for i = 0,1,2,...,k — 1 and
g®)(c) # 0, then

(k)
lim g (x)

x
does not exist and & does not have a limit as x approaches c.

f(x)

Example We will illustrate I’Hopital’s rule first with another well-known limit. Namely,

d

— (1 — cos(x)) :

lim = lim 4« = lim sm(a:)
x—0 x€* x—0 d x—0 1

%IE

1 — cos(x)
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Example As an illustration of how it may be necessary to apply I’Hopital’s rule more
than once, we have

. sin(x) —z
lim ————
x—0 ,5133 x—0 d 3

Although we will not do so here, it is possible to demonstrate that ’'Hopital’s rule is
more widely applicable than what we have indicated so far. In particular, we may also
apply I’'Hopital’s rule to one-sided limits and to limits as x approaches oo or x approaches
—00, provided, of course, that both g(z) and f(z) are approaching 0 and are twice contin-
uously differentiable on the appropriate intervals. The following examples illustrate these
applications.

Example Using I’'Hopital’s rule, we have

d (2)
: — sin(x
lim sin(z) — lim 4@~
z—mt /T — T s—ont d
% xr — T
~ im cos(x)
N r—mt 1

2Vx —m
= lim 2cos(z)Vr —7

rz—mt

=0.
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Example Using I’Hopital’s rule, we have

8|+
~

sin

) ) 1 ) <

lim zsin (—) = lim —1
T

T—00 €T T— 00
d . 1
—sin [ —
dx T

=
dz x
1 1
) COS E
= Hm i
22
e ()
= lim cos | —
T—00 x
=1.
Notice we could have computed this limit by substituting A = —, thus obtaining

lim zsin <1> = lim sin(h) =1.

T— 00 x

Finally, it is also possible to demonstrate that ’'Hopital’s rule applies when both the
numerator and the denominator are approaching co. That is, if f and g are twice contin-
uously differentiable at ¢ and both

lim f(z) = oo

r—C

and

lim g(z) = oo,
r—cC

then

im M = lim 9'(x)
i_}c @) glc_)c Fla) (5.9.8)

As before, this also applies for one-sided limits and for limits as x approaches oo or —occ.
Moreover, one or both of g(x) and f(z) may be approaching —oo.
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Example Using I’Hopital’s rule,

lim = lim d
a
) 3
=Jim
2+ 4
3V +4
= hm —_—
T—00 €T
2
4
= lim 3 z —;
T—00 €T
/ 4
= lim 3 1+—2
T—00 €T
=3.

Of course, we could have also computed this limit by dividing both the numerator and
denominator by x to obtain

1 1 1
ser1 . 3+- 3+ = 3+ =

——— = lim —% = lim —%= = lim —%— =3.
Va?+4  z—oo (/g2 44  w—oo g2 44 w00 ll_l_i
x x? 2

lim
xr— 00

Problems

1. Use Taylor polynomials to find the following limits.

. sin(3x) .t —sin(t)
@ O
2
. cos(z) — 1+ % _ sin(2?)
(C) 3111)% 334 (d) 3111{%) sin2($)
tan(u) . sin(t) —t
(e) s sin(u) (®) }Er(l) t3
. tan(3y) tan(z?)
1 h —_—
() Yo tan(5y) () 220 sin(z2)
— t
(i) Tim V1T E1 (i) lim T
x—0 3z

t—0 3t2
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2. Use I’Hopital’s rule to evaluate the following limits.

(a) J:}E}) smg(i)x) (b) }E% 1— (;(;S(Bt)
1— 1 — tan(t
(©) lim =) (@) Jim ~ ot
in(2 1-—
@ Jim =20 0 I
(@'}g;x$n<;;) (h)£§5$i§;>

3. Evaluate the following limits using any method you prefer.

312 — 2 +1 tan(z?)
lim ———— b) li
(2) e 1622 + 2 (b) 0 sin?(z)
| sin(z) X -
() lim szx (@) lim %
x
(14+2x)s —1-< 1—
) 3 cos(t)
() ili% x2 ®) %E% tsin(2t)
. Vr—1 . cos(z)+1
() al;lgll z—1 (h) 3}1_{1; T—T
t2
cos(t) — 1+ — sin(u?) — u?

2 (j) lim

1

22 sin (—), if x #0,
x

it x =0.

(a) Show that ¢’(0) = 0, and hence that g(z) = o(z).
(b) Use the preceding result and the fact that tan(x)

Let g(x) =

1
x2sin (—)
_ \T) _

li =
T tan(x)

z—0
(c) Letting f(z) = tan(x), show that

i 9)

. g'(z)

20 f'(z)’

Which condition in the statement of ’'Hopital’s rule does not hold for this example?

u—0 ut(1 — cos(u))

=z + o(x) to show that



