Lecture 31: Substitution

31.1 Substitution in indefinite integrals

2
Example /2x\/ 1+ 22dx = 5(1 + xQ)% +c
Note that the previous example is of the form
[ o @z

where f(z) = v/ and g(x) = 1 + 2. In general, if F' is an antiderivative of f, then, by
the chain rule,

[ 56 @z = Plgte) e

Using Leibniz notation, if u = g(z), then
d
/f(u)ﬁdac = F(u) +c.

But /f(u)du = F(u) + ¢, so we have

[ rtgapg@as = [ rShas= [ s
u du

Note that, symbolically, we may think of substituting u for g(x) and du for ¢'(x)dz.

Example To evaluate / 224/ 1 + 22dz we make the substitution © = 1+ 2, from which

we have j—u = 2z, or du = 2xdx. Hence
x

2 2
/Qx\/1+x2dx:/\/ﬂdu:gu%—l—c:§(1+m2)%+c.

Example To evaluate / 2V 1+ 22dx, we make the substitution

uw=1+z?

du = 2zdx = %du = xdzx.
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Lecture 31: Substitution 31-2

Notice what we have done to account for the fact that the derivative of the substitution
differs from x by a constant factor. Then we have

1 1 1
/x\/1+x2daz:i/ﬁdu:§u%+c=§(1+x2)%+c.

Example To evaluate / 22 sin(42%)dz, we make the substitution

u = 4x

1
du = 122%dx = —du = 2%dzx.

12
Then
/mQ sin(4z3)dx = 1 sin(u)du = _ 1 cos(u) + ¢ = _1 cos(4z®) + c.
12 12 12

Example To evaluate / sin?(z) cos(x)dx, we make the substitution
u = sin(x)
du = cos(zx)dx.
Then

1 1
/sin2 cos(z)dxr = /quu = gu?’ +c= 3 sin®(z) + c.

Example To evaluate / Vax + 5 dx, we make the substitution

u=4x +5

du = 4dzdx = idu =dx.

Then
1 2 1
/\/4334—5 dr = Z/\/ﬂduz Eu% +c= 8(4x+5)% +ec
Example To evaluate / V1 + x dx, we make the substitution

u=14+=x
du = dzx.
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Then, using x = u — 1,

/m\/l—i——x dx:/(u—l)\/ﬂdu

=/u%du—/\/ﬂdu
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31.2 Substitution in a definite integral

For a definite integral, if F' is an antiderivative of f, we have

b b g(b)
/ f(g(2))g (@)dz = F(g(x))| = F(g(b)) — Flg(a)) = / £ (u)du.

INE)

Example To evaluate / cos? (2x) sin(2x)dx, we make the substitution
0

u = cos(2x)

1
du = —2sin(z)dr = —§du = sin(2z)dx.

Then

INE

/ cos?(2x) sin(2x)dx = —l/Oquu— 1/1 u?du = 1u3 ol
0 2 2 ) 6 o 6

1
Example To evaluate / z(1 4 z)'°dz, we make the substitution
0

u=14+=x
du = dzx.
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Then ) )
/ (14 2)P0dx = / (u— 1)u'du
0 1

2 2
:/ ulldu—/ u'Odu
1 1

2 2
1 12‘ 1 11‘

= —u - U
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