Lecture 7: Properties of Limits

7.1 Basic properties of limits
Proposition Suppose lim f(x) = L and lim g(x) = M. Then

1. lim(f(x) +g(x)) =L+ M,

r—a

2. lim (f(2) — g(x)) = L — M,

r—a

3. lim c¢f(z) = cL for any constant c,

r—a

4. lim (f(2)g()) = LM,

r—a

. flx) L :
5. lim ——= = — provided M # 0,
T—a g(x) M 7

6. For any rational number n, lim (f(x))" = L"™.

7.2 Two basic limits

1. For any constant ¢ and number a, lim ¢ = c.
r—a

To show this from the definition, given any € > 0, we need to find § > 0 such that |[c—c| < €
whenever 0 < | — a|] < 0. But |¢ — ¢/ = 0 no matter what the value of x is, so we may
choose § to be any positive number.

2. For any number a, lim z = a.
r—a

To show this from the definition, given any ¢ > 0, we need to find 6 > 0 such that |[z—a| < €
whenever 0 < |z — a| < §. Hence we need only let § = e.

7.3 Examples

Example lim 2? = (lim z)(lim z) = (2)(2) = 4

r—2 r—2 r—2

Example More generally, lim 22 = (lim 2)(lim z) = (a)(a) = a* for any number a.

Example lim 42° = 4 lim 2% = (4)(1) = 4

rx—1 x—1
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liml(m2 —3x+4) = 1im1m2 -3 lim1x+ lim14 =14+3+4=38
If f is a polynomial, then lim = f(a) for any number a.

r—a

1in12(x3—4:1:—|—3):8—8+3:3

lim (2% + 1)

B e 2
lim = = = -
z—13x + 4 hm1 (Bx+4) 7

If f is a rational function defined at a, then lim = f(a).

?—4 - (r—2)(x+2)

LRSI e R A
31 —1)(2? 1
lim ~ = lim (2= D@ +o+ )zlim(x2+x+1)=3
x—1 x —1 z—1 x—1 r—1
. vVe+1-1 . Vr+1-1 Vz+14+1
Iim —— — lim .
z—0 €T z—0 €T vr+1+1
I r+1-1
= lim
e—=1zx(v/x+1+1)
. 1 1
=lim ——— = =
e—1\/x+1+1 2
2 _
lim Z 4:9:0
r—2 x—|—2 4
2 2 2
Since lim T =ooand lim T = —o0, all we can say about limx—i_
r—21t T — r—2— T — T—2 r —

is that it does not exist.

Example

Then

Suppose

221, ifz<0
f(w)_{a:—i—él, if 2 > 0.

lim f(z) = lim (2* —1) = —1

x—0~ r—0—
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and

lim f(z) = lim (z+4)=4.

z—0t z—0+

Hence lim f(z) does not exist.

r—0

Example Suppose
() = 3gt+1, ift<1
T2 +3, ift>1.

Then
lim ¢g(t) = lim (3t+1) =4

t—1— t—1—
and
lim g(t) = lim (£ +3) = 4.

t—1+ t—1+

Hence thn% g(t) = 4.

1 1
Example Let f(x) = xsin(—). We have seen that lim sin(—) does not exist. However,
x

r—0

since

1
—1<sin(-) <1
T

for any value of x, we have

1
—z <zxsin(—) <z
x

whenever x > 0 and

.1
—x > xsin(—) > x
x

whenever < 0. Now both lim = 0 and lim (—z) = 0, so we must have

x—0 x—0

1
lim zsin(—=) =0

r—0+ T
and )
lim zsin(—) = 0.
r—0— x
Thus

1
lim zsin(—) = 0.
z—0 T

This is an example of the squeeze theorem.



