MATHEMATICAL INDUCTION

Mathematical induction is a method used to prove stated results, equations or identities
whenever it isvery difficult to proceed by normal methods.

The procedure is quite simple but for the mathematical manipulations. Given aresult to
prove, we proceed asfollows:

1. Weshow that theresultistrueforn=1andn=2.
2. Weassumethat the result istruefor n = k.
3. Weprovethatitistrueforn=k+ 1.

Thelogic behind this method isthat, if it true for n = k and proven truefor n= k+ 1, then
it should be true for al integral values of n.
We shall now take some examplesto illustrate this method.

EXAMPLE 1

n(n+1)(n+5)

o]
Prove that a r(r+3) = 3

r=1

SOLUTION

Whenn=1,L.HS= é rr+3)=Q)(4) =4 RH.S= M?))((S)=4.

r=1

Whenn=2,L.H.S= 5 r(r+3) =04 +(2(5) =14, RH.S= LZ’)W) =14..

Assume that theresult istruefor n =k, that is,
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EXAMPLE 2
If nT Z*, provethat 7" (3n+1) - 1 isalwaysdivisible by 9.
SOLUTION

Let T, = 7"(3n+1)- 1;
T, = (7)(4) - 1=27 isdivisible by 9.
T, = (49)(7) - 1=342isdivisible by 9.

Assume that the result istrue for n = k, thatis, T, = 7*(3k +1) - 1 isdivisible by 9.

To prove that the result istrue for n = k + 1, that is, we have to prove that the difference
between T,,, and T, isaso divisible by 9 (think about it!).

Now, T, - T, =[7*"(3k+4) - 1]- [7*(3k +1) - 1] = 7(21k + 28) - 7(3k +1)
= 718k +27) = 9 7% (2k + 3)]
which isobviously divisible by 9.

EXAMPLE 3

d"y

n

If y=xe*, provethat

=(x+n)e*.

SOLUTION

% =xe*+e* =(x+1) e=RH.Swhenn=1.
X

2
% :di(xex +e*)=xe*+e*+e* = (x+2) &=RH.Swhenn=2.
X X

k

Assume that the result istrue when n = k, that is, % =(x+k) e*.
X

k+1 k 22
d kz:i&d E’g:(x+k) e+e*=[x+(k+1) €.
dx dx gdx“ g




EXAMPLE 4

Giventhat n3 1, show that 5(4n” +1) > 4(n+1)* +1.
Hence, or otherwise, prove by induction that 5" 3 4n® +1.

SOLUTION

Thefirst part can easily be proved. We start with the result to be proved and, by sending
all thetermsontheL.H.S., we end up with aquadratic inequality in n. Solving for the
range of n, wefind that n3 £ and thisimpliesthat the inequality isalso valid for n3 1.

Toprovethat 5" 3 4n® +1;
Whenn=1,LHS=5andR.H.S=5.
Whenn=2,LHS=25and RH.S=17.

Assumethat 5° 3 4k® +1; to prove the case for n = k+ 1, multiply by 5 on both sides,
that is, 5(5°) 3 5(4k* +1) b 5** 3 5(4k* +1) > 4(k +1)* +1 (from the above result).
Therefore, 54 > 4(k +1)% +1.

EXAMPLE 5
Provethat (cosq +ising)" =cosnq +isinng .
SOLUTION

Whenn=1,L.H.S=cosq +isnqg =R.H.S
Whenn=2,L.H.S= (cosq +ising)? = cos’q + 2i cosq sing +sin®q
= (cos’q +sin’q) +i(2sing cosq)
cosg +isin2g =R.H.S
Assumethat the result istrue for n= k, that is, (cosq +isinq)* = coskq +isinkq ;
(cosq +ising)** = (cosq +ising)*(cosq +ising)
=(cosng +isinng)(cosq +ising)
=(cosnq cosq - sinng sinq) +i(cosng sing +sinng cosq )
=cos(ng +q) +isin(ng +q) = cos(n+1)g +isin(n+1)q



EXAMPLE 6
Prove by induction that

sinnh
snh

cosa+ cos(a+ 2h) + cos(a+4h) +....... +coga+(2n- 2)h] =coga+ (n- )h]
SOLUTION

Whenn=1,L.H.S=cosa; R.H.S:cosa% =cosa.
s

Whenn=2,L.H.S=cosa + cos (a + 2h);

R.H.S= cos(a+h) S',n 2hh =cos(a+ h)m

sn snh
=cosa+ cos (a+ 2h).

=2cos(a+h)cosh

Assume that theresult istruefor n = k, that is,

cosa+cos(a + 2h) +cos(a+ 4h) +....... +coga+ (2k - 2)h] =coga+ (k- 1)h] Sl.n l;h;
sin

Forn=k+1,

L.H.S =cosa + cos(a + 2h) + cos(a + 4h) +....... +cogla+ (2k - 2)h] + cos(a + 2kh)

sinkh
snh

= coga+ (k- 1)h] + cos(a + 2kh)

_ cog(a+ kh) - h]sinkh + cog[(a+ kh) + kh]sinh
snh

:[cos(a+ kh) cosh + sin(a + kh) sin h]sin kh +[cos(a + kh) coskh - sin(a+ kh)sinkh]sinh
snh

_ cos(a + kh) coshsinkh + cos(a + kh) coskhsinh
sinh

=&;kh)sin[(k+1)h].



